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We study axially symmetric solutions of the Einstein–Maxwell–Klein–Gordon equations describing
spinning gauged boson stars in a (3 + 1)-dimensional asymptotically AdS spacetime. These smooth
horizonless solutions possess an electric charge and a magnetic dipole moment, their angular momentum
being proportional to the electric charge. A special class of solutions with a self-interacting scalar ﬁeld,
corresponding to static axially symmetric solitons with a nonzero magnetic dipole moment, is also
investigated.
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Recently there has been a lot of interest in solutions of the gen-
eral relativity with a negative cosmological constant Λ coupled
to a Maxwell ﬁeld and a charged scalar with mass M and gauge
coupling constant q. Working in four spacetime dimensions, this
system is usually described by the action
I =
∫
M
d4x
√−g
[
1
16πG
(R − 2Λ) − 1
4
Fμν F
μν
− 1
2
gμν
(
Dμψ
∗Dνψ + Dνψ∗Dμψ
)− U(|ψ |)], (1.1)
where G is the gravitational constant, R is the Ricci scalar asso-
ciated with the spacetime metric gμν , Fμν = ∂μAν − ∂ν Aμ is the
U(1) ﬁeld strength tensor and Dμψ = ∂μψ + iqAμψ is the covari-
ant derivative. U (|ψ |) denotes the potential of the scalar ﬁeld ψ ,
whose mass is deﬁned by M2 = 12 ∂
2U
∂|ψ |2 |ψ=0.
Although (1.1) does not correspond to a consistent truncation
of a more fundamental theory (unless ψ is vanishing), it can be
viewed however, as a simple toy model for the charged scalar
dynamics of systems that appear in concrete examples of the
AdS/CFT correspondence. The interest in this system (sometimes
called the gravitating Abelian Higgs model) has been boosted due
to Gubser’s observation [1] that the Einstein–Maxwell black holes
can become unstable to forming scalar hair at low temperatures.
This instability results in new branches of solutions with scalar
✩ This is an open-access article distributed under the terms of the Creative Com-
mons Attribution License, which permits unrestricted use, distribution, and re-
production in any medium, provided the original author and source are credited.
Funded by SCOAP3.
* Corresponding author.0370-2693/$ – see front matter © 2013 The Authors. Published by Elsevier B.V. All righ
http://dx.doi.org/10.1016/j.physletb.2013.11.061hair, which are thermodynamically favored over the Reissner–
Nordström-AdS black holes. The charged black branes which are
asymptotically AdS in a Poincaré coordinate patch are of main in-
terest, their physics being recently exploited to obtain a dual grav-
itational description of important phenomena in condensed matter
physics (in particular superconductivity and phase transitions) in
a three-dimensional ﬂat spacetime Rt × R2. A discussion of these
aspects can be found e.g. in [2], together with a large set of refer-
ences.
However, another natural arena to study solutions of the
model (1.1) is to consider instead a globally AdS background, with
a line element ds2 = −(1 + r2
2
)dt2 + dr2
1+ r2
2
+ r2(dθ2 + sin2 θ dϕ2)
(where t is the time coordinate and r, θ , ϕ are the spherical co-
ordinates with the usual range and Λ = −3/2), the conformal
boundary being a static Einstein universe Rt × S2. In this case,
the simplest non-vacuum solutions of the model (1.1) are the bo-
son stars with a vanishing gauge ﬁeld, Fμν = 0. These are smooth
horizonless conﬁgurations representing gravitational bound states
of a complex scalar ﬁeld with a harmonic time dependence, which
provide us with the simplest model of a relativistic star.1 Such
solutions have been extensively studied for Λ = 0, i.e. an asymp-
totically ﬂat spacetime background, starting with the early work
of Kaup [3] and Ruﬃni and Bonazzola [4]. They have found inter-
esting physical applications, being proposed as candidates for dark
matter halos and as dark alternatives to astrophysical black hole
candidates; also, they may help explain galaxy rotation curves –
see the review work [5].
1 One should remark that in contrast to ordinary stars or neutron stars, generi-
cally the boson stars do not display a sharp edge. In this case, the matter is not
conﬁned in a ﬁnite region of space and the boson stars possess only an effective
radius [5] (see however, the compact boson stars in [6]).ts reserved.
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important role in holographic gauge theories through the AdS/CFT
correspondence.2 While the early studies restricted to spherically
symmetric conﬁgurations [7,8] (see also [9,10]) recently there has
been some progress on including the effects of rotation. Spin-
ning AdS boson stars in d = 4 spacetime dimensions have been
discussed in [11]. These stationary localized conﬁgurations pos-
sess a ﬁnite mass and angular momentum, their angular mo-
mentum being quantized, J = nQ (with n an integer and Q
the Noether charge), the energy density exhibiting a toroidal dis-
tribution. A particular set of higher-dimensional3 spinning bo-
son stars possessing equal angular momenta has been considered
in [12,13], for d = 2k + 1  5 and a special multiplet scalar ﬁelds
ansatz [14].
An interesting question to address in this context is the issue
of rotating horizonless solutions within the full model (1.1), and,
in particular, how an electric charge would affect their properties.
For Λ = 0, this problem has been addressed in Ref. [16], which
gave numerical evidence for the existence of spinning gauged bo-
son stars in a Minkowski spacetime background. Similar to a Kerr–
Newman black hole, these solutions possess a nonzero electric
charge and a magnetic dipole moment. However, their pattern
is rather similar to that of the ungauged boson stars discussed
in [17–19]; in particular, one ﬁnds again a limited range for the
allowed scalar ﬁeld frequencies.
In this work we show that the spinning gauged boson stars
in [16] can be generalized for an AdS background. In some sense,
these globally regular conﬁgurations can be regarded as regular-
ized Kerr–Newman-AdS solutions, the event horizon and the sin-
gularity disappearing due to the supplementary interaction with a
complex scalar ﬁeld. These gauged boson stars can also be viewed
as axially symmetric generalizations of the spherically symmet-
ric gauged solutions in [8,20–22]. Similar to that case, our results
show that they exist also up to a maximal value of the gauge
coupling constant. Their angular momentum is quantized, being
proportional to the electric charge.
This Letter is organized as follows. In the next Section we for-
mulate a numerical approach of the problem based on a speciﬁc
ansatz. The numerical results are given in Section 3, where we
exhibit the physical properties of the gauged spinning boson star
solutions. We conclude in Section 4 with some further remarks.
2. The problem
2.1. The equations and the ansatz
The conﬁgurations investigated in this work are solutions of the
coupled Einstein–Maxwell-scalar ﬁeld equations
Eμν = Rμν − 1
2
gμν R + Λgμν − 8πGTμν = 0, (2.2)
DμD
μψ = ∂U
∂|ψ |2ψ,
∇μFμν = iq
[(
Dνψ∗
)
ψ − ψ∗(Dνψ)]≡ qjν, (2.3)
where Tμν is the stress-energy tensor
Tμν = Fμα Fνβ gαβ − 1
4
gμν Fαβ F
αβ
2 However, note that the boson starts do not have natural counterparts in a
Poincaré coordinate patch.
3 For completeness, we mention that spinning boson stars with an AdS3 back-
ground have been studied in [15]. However, these solutions have rather special
properties.+ (Dμψ∗Dνψ + Dνψ∗Dμψ)
− gμν
[
1
2
gαβ
(
Dαψ
∗Dβψ + Dβψ∗Dαψ
)+ U(|ψ |)].
(2.4)
This model is invariant under the local U(1) gauge transformation
ψ → ψe−iqα, Aμ → Aμ + ∂μα, (2.5)
with α a real function.
We are interested in stationary axially symmetric conﬁgura-
tions, with a spacetime geometry admitting two Killing vectors ∂t
and ∂ϕ , in a system of adapted coordinates. Then the most gen-
eral line element is written as ds2 = Gtt(x)dt2 + 2Gtϕ(x)dt dϕ +
Gϕϕ(x)dϕ2 + hij(x)dxi dx j , with xi = (r, θ). In the numerics, it is
convenient to choose a metric gauge with (1+ r2
2
)hrr = hθθ /r2 and
hrθ = 0. This leads to a metric ansatz with four unknown functions,
a convenient form being
ds2 = −F0(r, θ)
(
1+ r
2
2
)
dt2 + F1(r, θ)
(
dr2
1+ r2
2
+ r2 dθ2
)
+ F2(r, θ)r2 sin2 θ
(
dϕ − W (r, θ)
r
dt
)2
, (2.6)
with (Fi,W ) (where i = 0,1,2) being smooth in r, θ .
For the scalar ﬁeld, we adopt the stationary ansatz [17–19]:
ψ(t, r, θ,ϕ) = φ(r, θ)ei(nϕ−ωt), (2.7)
where φ(r, θ) is a real function, and ω and n are real constants.
Single-valuedness of the scalar ﬁeld requires ψ(ϕ) = ψ(2π + ϕ);
thus the constant n must be an integer, i.e., n = 0,±1,±2, . . . .
In what follows, we shall take n  0 and ω  0, without any loss
of generality.
A consistent ansatz for the U(1) gauge ﬁeld reads
A= Aμ dxμ = At(r, θ)dt + Aϕ(r, θ) sin θ
(
dϕ − W
r
dt
)
. (2.8)
Substituting (2.6), (2.7), (2.8) in the ﬁeld equations (2.2), (2.3)
results4 in a set of seven coupled non-linear PDEs of the form
∇2Fa = Ja where Fa = (F0, F1, F2,W ;φ; Aϕ, At), Ja are ‘source’
terms depending on the functions Fa and their ﬁrst derivatives,
while ∇2 is the Laplace operator associated with the auxiliary
space dσ 2 = dr2/(1+ r2
2
) + r2 dθ2.
Solutions of this model with a vanishing gauge ﬁeld At = Aϕ =
0 have been discussed in [11], generalizing for the AdS space-
time the asymptotically ﬂat rotating boson stars in [17–19]. Note
that, in contrast to that case, the (t,ϕ)-dependence of the scalar
ﬁeld ψ can now be gauged away by applying the local U(1) sym-
metry (2.5) with α = (nϕ−ωt)/q. However, this would also change
the gauge ﬁeld as At → At −ω/q, Aϕ → Aϕ +n/q, so that it would
become singular in the q → 0 limit. Therefore, in order to be able
to consider this limit, we prefer to keep the (t,ϕ)-dependence in
the scalar ﬁeld ansatz and to ﬁx the corresponding gauge freedom
by setting At = Aϕ = 0 at inﬁnity.
We note also that the spherically symmetric limit is found for
n = 0, in which case the functions F0, F1, F2 and φ, At depend
only on r, with F1 = F2 and W = Aϕ = 0.
4 Note that the Einstein equations Erθ = 0, Err − Eθθ = 0 are not automatically sat-
isﬁed, yielding two constraints. However, following [23], one can show that these
constraints are satisﬁed as a consequence of the identities Eνμ;ν = 0 plus the set of
chosen boundary conditions. In practice, the constraint equations Erθ and E
r
r − Eθθ
are used to monitor the numerical accuracy of the solutions.
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We are interested in horizonless, particle-like solutions of
Eqs. (2.2), (2.3) within the ansatz (2.6), (2.7), (2.8), approaching
at inﬁnity the globally AdS background. Since this problems does
not seem to possess closed form solutions, the ﬁeld equations are
solved numerically with suitable boundary conditions. These con-
ditions result from a study of an approximate form of the solutions
on the boundaries of the domain of integration, compatible with
regularity and AdS asymptotics requirements.
For small values of r, the solutions possess a power series
on the form Fk = Fk0 + O (r2) (with k = 0,1,2 and F10 = F20),
W = O (r2), φ = O (r2n), Aϕ = O (r2) and At = V +O (r2). This leads
to the following boundary conditions at the origin:
∂r Fi |r=0 = W |r=0 = 0, φ|r=0 = 0,
∂r At |r=0 = Aϕ |r=0 = 0. (2.9)
At inﬁnity, the AdS background is approached, while the scalar
ﬁeld5 φ and the gauge potential Aμ vanish. Restricting to the case
M2  0, the matter ﬁelds decay asymptotically as
φ ∼ c1(θ)
rΔ
+ · · · ,
At ∼ Qe
r
+ · · · , Aϕ ∼ μ sin θ
r
+ · · · , (2.10)
where Qe , μ and c1(θ) result from numerics, while Δ = 32 (1 +√
1+ 49M22). Then the Einstein equations imply the following
form of the metric functions as r → ∞
F0 = 1+ f03(θ)
r3
+ · · · , F1 = 1+ f13(θ)
r3
+ · · · ,
F2 = 1+ f23(θ)
r3
+ · · · , W = w2(θ)
r2
+ · · · , (2.11)
in terms of two functions f13(θ) and w2(θ) which result from the
numerics, with f03(θ) = −3 f13(θ) − 43 tan θ f ′13(θ), and f23(θ) =
f13(θ) + 43 tan θ f ′13(θ). Then the corresponding boundary condi-
tions employed in the numerics are
Fi |r→∞ = 1, W |r→∞ = 0,
φ|r→∞ = At |r→∞ = Aϕ |r→∞ = 0. (2.12)
For θ = 0, the study of an approximate solution of Eqs. (2.2), (2.3)
implies the behavior Fk = F¯k0(r) + O (θ2), W = w0(r) + O (θ2),
φ = O (θ2n), Aϕ = O (θ) and At = A0t (r) + O (θ2). A similar expan-
sion holds also for θ = π , with θ → π − θ . Thus we require the
boundary conditions
∂θ Fi |θ=0,π = ∂θW |θ=0,π = 0,
φ|θ=0,π = ∂θ At |θ=0,π = Aϕ |θ=0,π = 0. (2.13)
The absence of conical singularities imposes on the symmetry axis
the supplementary condition F1|θ=0,π = F2|θ=0,π , which is used to
verify the accuracy of the solutions.
Also, all solutions in this work are invariant6 under the parity
transformation θ → π − θ . We make use of this symmetry to inte-
grate the equations for 0  θ  π/2 only, the following boundary
conditions being imposed in the equatorial plane
5 Without any loss of generality, we suppose U (φ) → 0 as φ → 0.
6 However, gauged boson stars with odd parity with respect to a reﬂection in
the equatorial plane should also exist. For Λ = 0 and a vanishing gauge ﬁeld, such
conﬁgurations have been studied in [24].∂θ Fi |θ=π/2 = ∂θW |θ=π/2 = 0,
∂θφ|θ=π/2 = ∂θ At |θ=π/2 = ∂θ Aϕ |θ=π/2 = 0. (2.14)
2.3. The global charges
The charged boson star solutions possess two global charges
associated with the asymptotic Killing vectors ∂t and ∂ϕ of the
metric, which are the mass-energy E and angular momentum J .
To compute these quantities, we employ ﬁrst the quasilocal formal-
ism in [25]. In this approach, the action (1.1) is supplemented with
the Gibbons–Hawking surface term [26] and a boundary coun-
terterm Ict = − 18πG
∫
∂M d
3x
√−h( 2

+ 2R) (where R is the Ricci
scalar for the boundary metric h). Then the variation of the to-
tal action with respect to hab results [25] in the boundary stress
tensor Tab = 18πG (Kab − Khab − 2hab + Eab) (where Eab is the
Einstein tensor of the boundary metric, Kab is the extrinsic cur-
vature tensor of the boundary and K = habKab). In this approach,
the mass-energy and angular momentum are computed from Tab ,
being regarded as conserved charges associated with the Killing
vectors ∂/∂t and ∂/∂ϕ of the boundary metric. For the metric
ansatz (2.6) (with the asymptotics (2.11)), a straightforward com-
putation leads to the following expressions of these quantities
E = 1
8G2
π∫
0
dθ sin θ
(
5 f13(θ) + 3 f23(θ)
)
,
J = − 3
8G
π∫
0
dθ sin3 θ w2(θ). (2.15)
A similar result is found when using instead the Ashtekar–
Magnon–Das formalism in [27]. Moreover, the same expression
for the angular momentum is found from the Komar integral,
J = 18πG
∫
Rtϕ
√−g dr dθ dϕ .
Apart from E and J , the system possesses two global charges
associated with the matter ﬁelds. These are the Noether charge (i.e.
the total particle number)
Q =
∫
jt
√−g dr dθ dϕ
= 2π
∞∫
0
dr
π∫
0
dθ 2r2 sin θ F1
√
F2
F0
φ2
1+ r2
2
(
ω − qAt − nW
r
)
,
(2.16)
and the electric charge Qe which is read from the asymptotics of
the electric potential At as given in (2.10). However, a straight-
forward computation shows that both the Noether charge and the
electric charge of the spinning solutions are proportional7 to the
total angular momentum,
J = nQ = Qen
q
. (2.17)
These conﬁgurations possess also a magnetic dipole moment μ
which is read from the asymptotics (2.10) of the magnetic gauge
potential.
7 This relation is valid also for spinning solutions with a magnetic dipole in a
generalization of (1.1) with an SU(2) local gauge symmetry of the matter Lagrangian.
However, in contrast to (1.1), a Yang–Mills–Higgs theory possesses also solutions
with a nonzero magnetic ﬂux at inﬁnity. As discussed in [28], the total angular
momentum of such non-Abelian conﬁgurations is zero.
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they are zero entropy objects, without an intrinsic temperature.
The ﬁrst law of thermodynamics reads in this case dE = ωdQ =
ω
n d J = Φ dQe , with Φ = ω/q the electrostatic potential.
3. The results
In the numerics, we set 4πG = 1 and express all variables and
quantities in natural units set by the AdS length scale  (for exam-
ple, we scale r → r/, ω → ω, M → M/, etc.).
The set of seven coupled non-linear elliptic partial differential
equations for the functions Fa has been solved numerically sub-
ject to the boundary conditions (2.9) at r = 0, (2.12) at inﬁnity,
(2.13) for θ = 0, and respectively (2.14) in the equatorial plane.
In practice, we have compactiﬁed r to the coordinate x ∈ [0,1],
where dr = dx
(1−x)2 . Also, the ﬁeld equations have been discretized
using a fourth order ﬁnite difference scheme, taking a uniform
grid with Nx × Nθ points (typically Nx = 250, Nθ = 30). All nu-
merical calculations have been performed by using the programs
FIDISOL/CADSOL [29]. This software8 provides also an error esti-
mate for each unknown function. The typical relative error for the
solutions reported in this work is estimated to be of the order of
10−3.
In our approach, the input data are the scalar potential U (|ψ |),
the frequency ω and the winding number n in the ansatz (2.7)
for the scalar ﬁeld ψ , the gauge coupling constant q and the AdS
length scale . All quantities of interest (e.g. the mass-energy E
and angular momentum J ) are extracted from the numerical solu-
tions. Also, for simplicity we restrict our study in this work to the
case of a nodeless scalar ﬁeld.9
3.1. The probe limit: spinning gauged Q-balls in a ﬁxed AdS background
Before discussing the properties of the gravitating solutions,
it is useful to consider ﬁrst the so-called ‘probe limit’. In this case,
the backreaction on the spacetime geometry is ignored and the
gauged scalar ﬁeld solutions are studied in a ﬁxed AdS background,
i.e. with F1 = F2 = F0 = 1, W = 0 in (2.6). Then the problem re-
duces to solving three PDEs for the matter functions φ, Aφ and At .
These solutions describe a special class of non-topological solitons
– the U(1)-gauged Q-balls (see Ref. [31] for a discussion of the cor-
responding problem for Λ = 0). The scalar ﬁeld possesses in this
case a self-interaction potential, the usual form in the literature
being (see e.g. [19])
U (φ) = M2φ2 − λφ4 + νφ6, (3.18)
with λ, ν positive constants. The total mass-energy and angular
momentum of the gauged Q-balls are found by integrating over
the entire space the corresponding components of the energy–
momentum tensor, E = − ∫ d3xT tt , J = ∫ d3xT tϕ .
Before discussing the properties of the solutions, we note the
existence of the following virial identity
T + 3U + S = EM + 3Q, (3.19)
with
8 We have found this method robust and allowing for an accurate extraction of
the boundary quantities. Ref. [29] provides a detailed description of the numerical
method and explicit examples (see also e.g. the Appendix in [30] for a discussion
within a physical problem).
9 However, angular excited boson stars are also likely to exist, representing ex-
cited states of the model. Their basic properties have been discussed in [16], for an
asymptotically ﬂat spacetime.T =
∞∫
0
dr
π∫
0
dθ sin2 θ
[(
1+ r
2
2
)
φ2,r +
φ2,θ
r2
+ (n + qAϕ sin θ)
2φ2
r2 sin2 θ
]
,
U =
∞∫
0
dr
π∫
0
dθ sin2 θU (φ),
Q=
∞∫
0
dr
π∫
0
dθ sin2 θ
(ω − qAt)2φ2
1+ r2
2
,
positive terms, and
EM =
∞∫
0
dr
π∫
0
dθ sin2 θ
[
(1+ r2
2
)A2ϕ,r
2r2
+ 1
2
A2t,r
+ A
2
t,θ
2r2(1+ r2
2
)
+ (Aϕ,θ + Aϕ)
2
2r4
]
 0,
a term proportional to the total energy stored in the electromag-
netic ﬁeld. Also
S = −2Λ
3
∞∫
0
dr
π∫
0
dθ sin2 θr2
[
φ2,r +
(ω − qAt)2φ2
(1+ r2
2
)2
+ A
2
ϕ,r
2r2
+ A
2
t,θ
2(1+ r2
2
)2r2
]
,
is a (positive) term encoding the contribution of the AdS back-
ground. The total mass-energy of the solutions is E = T + Q +
U + EM .
One can see that the solutions with a strictly positive poten-
tial, U (φ) > 0, are supported by the harmonic time dependence
of the scalar ﬁeld together with the contribution of the U(1) ﬁeld.
Also, note that the identity (3.19) does not forbid the existence of
static ω = At = 0 gauged conﬁgurations. However, similar to the
case of a ﬂat spacetime background [31], no such solutions have
been found for U (φ) > 0.
Since the basic properties of the gauged conﬁgurations are
rather similar to those of the Q-balls discussed in [11], we shall
start with a brief review of that case. Supposing that U (φ) > 0, the
solutions exist for a limited range of frequencies, 0 < ωmin < ω <
ωmax, with
ωmax = n + Δ

. (3.20)
As ω → ωmax, the Q-balls emerge as a perturbation around the
ground state φ = 0, while both the mass-energy and Noether
charge appear to diverge10 as ω → ωmin.
We have found that any spinning AdS Q-ball in [11] pos-
sesses generalizations with a U(1) gauged ﬁeld. The solutions are
found by slowly increasing the value of gauge coupling constant q.
For q = 0, the frequency dependence of the solutions is similar to
the Q-ball case, see Fig. 1 (the solutions there have been found
for a potential of the form (3.18) with M = 1, λ = −2, ν = 0.2).
10 Note the difference with respect to the case of a Minkowski spacetime back-
ground. There the mass-energy and angular momentum grow without bounds as ω
approaches the limits of the allowed frequency range, with ωmax = M . In between,
there is a critical value of the frequency, for which both E and J attain their mini-
mal values and a double-branch structure is observed.
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solutions with several values of q.
Fig. 2. Left: The functions f13(θ), w2(θ) and c1(θ) which enter the large-r asymptotics are shown for a typical solution with ω = 3, q = 2, n = 1. Right: The mass-energy E
is shown as a function of the frequency ω for gauged boson star solutions with several values of the gauge coupling constant q.The maximal value of the frequency is still given by (3.20), while
ωmin decreases with q. The picture found when keeping ﬁxed all
other input parameters and varying the value of q is similar to
that discussed below for the gravitating case, with the existence of
a maximal allowed value for q.
3.2. Gravitating spinning gauged boson stars
To construct gravitating solutions, we use again the ungauged
spinning Q-balls in [11] as seed conﬁgurations and slowly increase
the value of the gauge coupling constant q. Once a solution is
found with a nonzero gauge ﬁeld potential, we keep q constant
and couple to gravity.
To simplify the picture, we restrict the discussion here to the
case of a scalar ﬁeld with a vanishing potential11 U (|ψ |) = 0.
11 However, we have constructed also solutions with a scalar potential of the
form (3.18). Our results suggest that the qualitative properties of the solutions dis-
cussed here are generic as long as U (|ψ |) > 0. Families of solutions with a tachyonic
mass of the scalar ﬁeld, U (|ψ |) = M2|ψ |2 < 0, have been also considered. However,
the study of such conﬁgurations requires a deviation from the scheme proposed in
this work. For example, the scalar ﬁeld possesses in this case a more general asymp-
totics than (2.10), which implies in general a different boundary condition in the far
ﬁeld region than the one in (2.12).The basic properties of these gravitating spinning gauged bo-
son stars solutions can be summarized as follows. First, they have
n 1, i.e., being disconnected from the spherically symmetric sec-
tor, they do not possess a slowly rotating limit.
Second, the gauged boson stars exist for a limited range of
frequencies 0 < ωmin < ω < ωmax, emerging as a perturbation of
the globally AdS spacetime for a critical frequency ωmax as given
by (3.20). As seen in Fig. 2(right), the minimal frequency increases
with q. In contrast to the probe limit discussed above, the global
charges stay ﬁnite as ω → ωmin. Instead, a backbending towards
larger values of ω is observed there, see Fig. 2(right). One may
expect that, similar to the spherically symmetric case, this back-
bending would lead to an inspiraling of the solutions towards a
limiting conﬁguration with ωc > ωmin.
Third, for given values of ω and n, spinning solutions exist up
to a maximal value of the gauge coupling constant only, q = qmax,
see Fig. 3. The mechanism explaining this behavior is similar to
the spherically symmetric case. For q > qmax the charge repulsion
becomes bigger than the gravitational attraction and the localized
solutions cease to exist (this feature has been noticed already in
the initial study [32] of the spherically symmetric, asymptotically
ﬂat charged boson stars). As seen in Fig. 3, the maximal value of
q increases with frequency. Also, all global charges stay ﬁnite as
q → qmax. Unfortunately, the numerical accuracy does not allow to
O. Kichakova et al. / Physics Letters B 728 (2014) 328–335 333Fig. 3. Left: The mass-energy E is shown as a function of the gauge coupling constant q for gauged boson star solutions with several frequencies. Right: The ( J , E)-diagram
for the same solutions.clarify the limiting behavior12 at the maximal value of q. We notice
only that, as q → qmax, the metric function F0 takes very small val-
ues at r = 0, while the other functions remain ﬁnite and nonzero
(although F1 and F2 take large values at the origin).
Fourth, the shape of the metric functions and of the scalar
ﬁeld φ is rather similar to the ungauged case. Concerning the
gauge ﬁeld, the electric potential At does not possess a strong
angular dependence; however the magnetic potential Aϕ exhibits
a complicated angular dependence. The energy density of all
solutions has a strong peak in the equatorial plane and de-
creases monotonically along the symmetry axis, such that the typ-
ical energy density isosurfaces have a toroidal shape. As seen in
Fig. 2(left), the functions f12, w2, and c1 which enter the large-r
asymptotics, have a strong θ -dependence.
3.3. The static limit: gauged scalar solitons with magnetic dipole
moment
An interesting property of a set of conﬁgurations considered in
this work is the possible existence of a nontrivial limit, describing
static gauged solutions with a magnetic dipole moment and no
electric ﬁeld13 (thus At = W = 0 in this case).
These solutions are supported by a ﬁeld potential which is not
strictly positive deﬁnite and exist already in the probe limit, see
the virial relation (3.19). We have studied such solutions for sev-
eral choices of the parameters in the general potential (3.18) (the
solutions in Fig. 4 have U (|ψ |) = −λ|ψ |4, with λ = 2.2).
The limit q = 0 corresponds to the static axially symmet-
ric scalar solitons whose existence has been reported in [11].
Again, the gauged solutions emerge from these conﬁgurations
by slowly increasing the value of the gauge coupling constant.
As seen in Fig. 4, in contrast to the spinning case, the mass
of the static solutions decreases with frequency. In the probe
limit, this can be understood as follows. For small values of q,
one can write the expansion φ = φ(0) + q2φ(2) + O (q4), Aϕ =
qA(1)ϕ + O (q3), where φ(0) is the ungauged conﬁguration. After in-
serting this into the expression of the total mass-energy and using
12 Based on the results for n = 0 (see the inset in Fig. 3(left)), we expect a com-
plicated behavior, with the occurrence of secondary branches and an inspiraling in
q towards a limiting conﬁguration with qc < qmax.
13 To our knowledge, all known particle-like solutions with this property exist
in models with non-Abelian ﬁelds, the electroweak sphaleron with a nonvanishing
mixing angle [33] being perhaps the best known example.the equations of motion (2.3), one ﬁnds E = E(0) − q2E(2) , where
E(2) = 14
∫
d3xF (1)μνμν and E(0) the total mass-energy of the un-
gauged spinning boson star.
Although the above physical argument for the existence of a
maximal value of q does not apply for these static solutions (since
the electric repulsion is absent), the numerical results suggest
that a maximal value of q does nevertheless exist, see Fig. 4.
As q → qmax, the critical solutions14 exhibit the same behavior
as the one noticed in the spinning case. In particular, the rele-
vant quantities remain ﬁnite close to that point, while F0(0,0)
and 1/F1(0,0) take small values. Also, the maximal value of q de-
creases again as the value of the winding number n increases.
4. Further remarks
The main purpose of this work was to propose a numerical
scheme for the study of spinning gauged boson stars in a four-
dimensional AdS spacetime, together with a discussion of the basic
properties of these conﬁgurations. In our approach, the gauged
spinning boson stars emerge smoothly from the corresponding so-
lutions with a vanishing electromagnetic ﬁeld by slowly increas-
ing the value of the gauged coupling constant. Then, as expected,
their basic properties are rather similar to those of the ungauged
conﬁgurations. However, the gauged coupling constant cannot be
arbitrarily large.
It would be desirable to study these solutions also from a holo-
graphic dual point of view. On general grounds, one expects the
d = 4 spinning gauged boson stars to describe zero temperature
states of a conformal ﬁeld theory (CFT) deﬁned in a ﬁxed back-
ground with ds2 = γab dxa dxb = −dt2 + 2(dθ2 + sin2 θ dϕ2) (i.e.
a 2 + 1 Einstein universe). As usual, the asymptotic behavior of
the bulk solutions determines certain properties of the dual ﬁeld
theory. For example, the asymptotics of the temporal component
of the gauge potential (in a gauge without a time dependence of
the scalar ﬁeld) gives the charge density and the chemical poten-
tial of the CFT. Likewise, the ﬁeld ψ is dual to an operator O
in the CFT, with a scaling dimension Δ. One can also compute
the expectation value of the dual CFT stress tensor 〈τab〉 by us-
ing the relation [34]
√−γ γ ab〈τbc〉 = limr→∞
√−hhabTbc (with Tab
14 Note, however, that ﬁnding an accurate value for qmax has proven a diﬃcult task
(at least for the input parameters we have considered), since the numerical accuracy
decreases close to that point, yielding relatively large violations for the constraint
equations.
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numbers.the boundary stress tensor). This results in the interesting expres-
sion (with x1 = θ , x2 = ϕ , x3 = t)
8πG4
〈
τ ab
〉= A1(θ)
(1 0 0
0 1 0
0 0 −2
)
+ A2(θ)
(1 0 0
0 3 0
0 0 −4
)
+ A3(θ)
(0 0 0
0 0 2 sin2 θ
0 −1 0
)
(where A1(θ) = 2 f13 − tan θ f ′13, A2(θ) = tan θ f ′13, A3(θ) = 32w2),
which is ﬁnite, covariantly conserved and manifestly traceless.
The inclusion of ﬁnite temperature effects in this model would
require to construct the corresponding black hole solutions. In this
context, the numerical study in this work can be viewed as a
necessary step before approaching the more complex case of a
spinning black hole of the gravitating Abelian–Higgs model in a
globally AdS background.15 Different from the ungauged case, the
model (1.1) possesses black hole solutions with scalar hair already
in the spherically symmetric limit, see e.g. [20]. The numerical re-
sults in Ref. [36] imply that these static black holes with scalar hair
possess also spinning generalizations.16 Then, on general grounds,
we expect that when putting together the solitons in this work
with the (yet to be found) hairy black holes, the resulting pic-
ture will be similar to that revealed in [12] for a version of the
model without gauge ﬁelds. That is, we conjecture that when the
horizon size shrinks to zero, the hairy black hole solutions of the
gravitating Abelian–Higgs model will reduce to the rotating gauged
boson stars discussed above. Conversely, one can put a small ro-
tating black hole inside any spinning, horizonless solution in this
work. The angular velocity of the horizon of a rotating black hole
is ΩH = (ω − qΦH )/n, with ΦH the electrostatic potential on the
horizon. We hope to return elsewhere with a systematic study of
these aspects.
Finally, let us remark that the rotating gauged boson stars
studied in this Letter can be considered as simple prototypes
15 Spinning solitons and black hole solutions of the gravitating Abelian–Higgs
model have been constructed in [35] for a special metric ansatz with two equal
angular momenta and an AdS5 background.
16 This follows from the explicit construction in [36] of a marginal mode of
the Kerr–Newman-AdS black hole. This implies the existence of a new branch of
charged stationary solutions with a nonzero scalar condensate outside the horizon.
However, no explicit construction of these solutions has been reported so far in the
literature.of more complicated spinning conﬁgurations, possibly with non-
Abelian gauge ﬁelds. Moreover, they may provide as well a fer-
tile ground for further study of charged rotating conﬁgurations in
gauged supergravity models, with a more complicated action than
(1.1). Thus the study in this work gives an idea of how a similar
procedure would work in those cases. Also, we expect that the nu-
merical scheme proposed here could also be applied to the study
of higher-dimensional solutions of the gravitating Abelian–Higgs
model with rotation in a single plane.
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